Sequential techniques can enhance the efficiency of the approximate Bayesian computation algorithm, as in Sisson et al.'s (2007) partial rejection control version. While this method is based upon the theoretical works of Del Moral et al. (2006) , the application to approximate Bayesian computation results in a bias in the approximation to the posterior. An alternative version based on genuine importance sampling arguments bypasses this difficulty, in connection with the population Monte Carlo method of Cappé et al. (2004) , and it includes an automatic scaling of the forward kernel. When applied to a population genetics example, it compares favourably with two other versions of the approximate algorithm.
INTRODUCTION
When the likelihood function is not available in a closed form, as in population genetics, Pritchard et al. (1999) introduced approximate Bayesian computational methods as a rejection technique bypassing the computation of the likelihood function via a simulation from the corresponding distribution. Namely, if we observe y ∼ f (y | θ) and if π(θ) is the prior distribution on the parameter θ, then the original approximate Bayesian computation algorithm jointly simulates θ ∼ π(θ) and x ∼ f (x | θ ), and accepts the simulated θ if, and only if, the auxiliary variable x is equal to the observed value, x = y. This algorithm is exact in that the accepted θ 's are distributed from the posterior. In the more standard occurrence when y is a continuous random variable, the approximate Bayesian computation algorithm relies on an approximation, where the equality x = y is replaced with a tolerance condition, (x, y) ≤ , being a measure of discrepancy, for instance a distance between summary statistics, and > 0 being the tolerance bound.
The output is then distributed from the distribution with density proportional to π(θ) pr θ { (x, y) < }, where pr θ represents the probability distribution of x indexed by a value of θ. This density is denoted by π{θ | (x, y) < }, where the conditioning corresponds to the marginal distribution of (x, y) given y. Improvements to this general scheme have currently been achieved either by modifying the proposal distribution of the parameter θ to increase the density of x's within a neighbourhood of y (Marjoram et al., 2003; Bortot et al., 2007) or by viewing the problem as a conditional density estimation and developing techniques to allow for larger (Beaumont et al., 2002) . Marjoram et al. (2003) defined a Markov chain Monte Carlo version of the approximate Bayesian computation algorithm that enjoys the same validity as the original algorithm, namely that, if a Markov chain (θ (t) ) is created via the transition that sets
, then its stationary distribution is the posterior distribution π(θ | y). Since, in most settings, the distribution of y is absolutely continuous, the above constraint x = y is replaced with the approximation (x, y) < .
Example 1. For the toy model studied in Sisson et al. (2007) , where θ ∼ U(−10, 10) and x | θ ∼ 0 · 5 N (θ, 1) + 0 · 5 N (θ, 1/100), the posterior distribution associated with the observation y = 0 is the normal mixture
restricted to the set [−10, 10]. As in regular Markov chain Monte Carlo settings, the performance of Marjoram et al.'s (2003) algorithm depends on the choice of the scale τ in the random walk proposal,
where ϕ is most often a standardised normal or a t density. However, even when τ = 0 · 15 as in Sisson et al. (2007) , the Markov chain mixes slowly, but still produces an acceptable fit over T = 10 6 iterations. Furthermore, the true target is available here as
and, for the value = 0 · 025, it is indistinguishable from the exact posterior density π(θ | y = 0). We can thus clearly separate the issue of poor convergence of the algorithm, depending on τ , from the issue of approximating the posterior density, depending on . Sisson et al. (2007) modified the approximate Bayesian computation algorithm using partial rejection control, introduced in Liu (2001) . The method is sequential in that simulated populations of N points are generated at each iteration of the algorithm and that those populations are exploited to produce better proposals for a given target distribution in later iterations. As demonstrated in Douc et al. (2007) , the reliance on earlier populations to build proposals preserves convergence properties provided an importance sampling perspective is adopted. We also recall that a progressive improvement in the performance of proposals is the appeal of using a sequence of samples, rather than a single one. The sequential feature of the problem is augmented by the fact that the tolerance is decreasing with iterations, being chosen either from a deterministic scale or from quantiles of earlier iterations as in Beaumont et al. (2002) . Sisson et al.'s (2007) algorithm produces samples (θ
N ) by using, at iteration t = 1, a regular approximate Bayesian computation step and, at each iteration t = 2, . . . , T , Markov transition kernels K t for the generation of the θ
i ) is such that (x, y) < , where θ is selected at random among the previous θ i is derived by an importance sampling argument,
where L t−1 is an arbitrary transition kernel. In their examples, Sisson et al. (2007) In this paper, we show via both theoretical and experimental arguments that the weight (1) is biased. Moreover, we introduce a population Monte Carlo correction to the algorithm. It is based on genuine importance sampling arguments and we demonstrate its applicability as well as the improvement it brings compared with the partial rejection control version. We also illustrate its efficiency in a population genetics example, when compared with two standard alternatives.
BIAS OF THE PARTIAL REJECTION CONTROL VERSION

2·1. Distribution of the partial rejection control sample
In order to establish the bias in the weight (1) as clearly as possible, we consider the limiting case when = 0. In that case, both Pritchard et al.'s (1999) and Marjoram et al.'s (2003) algorithms are correct samplers from π(θ | y). The corresponding partial rejection control version selects a θ (t−1) from the previous sample and then generates both θ ∼ K t (θ | θ ) and x ∼ f (x | θ ) until x = y. To properly evaluate the bias associated with one step of Sisson et al.'s (2007) algorithm, we also assume that the previous sample is correctly generated from the target, i.e. that θ ∼ π(θ | y). Then, denoting by θ (t−1) the selected θ , the joint density of the accepted pair (
, where the normalisation constant only depends on y. Using (1), the weighted distribution of θ (t) is such that, for an arbitrary integrable function h(θ), E{ω t h(θ (t) )} is proportional to
with all proportionality terms being functions of y only. Therefore we can conclude that there is a bias in the weight (1) unless the inner function integrates in θ (t−1) to the same constant for all values of θ (t) . Apart from this special case, which is achievable when
is incorrect since the weighted output is not distributed from π(θ | y).
Paradoxically, the weight (1) used in this partial rejection control version misses a f (y | θ (t−1) ) term in its denominator, while the method is used when f (y | θ) is not available. This is exactly the difference between the weights used in Sisson et al. (2007) and those used in Del Moral et al. (2006) , namely that, in the latter paper, the posterior π(θ (t−1) | y) explicitly appears in the denominator instead of the prior. The accept-reject principle at the core of approximate Bayesian computation allows for the replacement of the posterior by the prior in the numerator of the ratio (1), but not in the denominator.
2·2. A mixture illustration
When using the standard version of the algorithm that includes an additional approximation due to the tolerance zone (x, y) < , there is no reason for the bias to vanish, even though experiments show that the bias in the weights (1) for the tolerance target π{θ | (x, y) < } generally decreases as increases, which agrees with the fact that the limiting case is the prior. The following example illustrates this point:
Example 1. For the mixture target and a normal random walk kernel K t , the first row of Figure 1 shows the output of five consecutive iterations of Sisson et al.'s (2007) algorithm, using a decreasing sequence of 147  148  149  150  151  152  153  154  155  156  157  158  159  160  161  162  163  164  165  166  167  168  169  170  171  172  173  174  175  176  177  178  179  180  181  182  183  184  185  186  187  188  189  190  191 (1) on the first row and the population Monte Carlo version on the second row, for the mixture target, with t = 2, 1.5, 1, 0 · 5, 0 · 01, using for both rows the scale τ = 0 · 15. The exact posterior density is plotted as a dotted curve, while the target of the simulation algorithm, π{θ | (x, y) < }, is represented by full lines. Both densities are identical in the last column.
a large scale in the proposal K t very closely amounts to using a flat prior distribution. The corresponding normal density is then almost constant in the interval [−3, 3] that supports the posterior distribution. For τ = 1/0 · 15, using the weight (1) is thus equivalent to Pritchard et al.'s (1999) original algorithm and therefore as inefficient for this target.
3. CORRECTION VIA IMPORTANCE SAMPLING AND POPULATION MONTE CARLO
3·1. Population Monte Carlo
Since the missing factor in (1) is the unknown likelihood f (x | θ (t−1) ), a first resolution of the problem is to resort to an estimation of the likelihood based on earlier samples. But a standard importance sampling perspective allows for a more direct approach, in a spirit similar to the population Monte Carlo algorithm of Cappé et al. (2004) .
Since the t-th iteration sample is produced from the proposal distribution
a natural importance weight associated with an accepted simulation θ
The unbiasedness of this correction results from the identity
which does not depend on the distributionπ of the θ (t−1) j 's. As in the original population Monte Carlo method, the fact that K t may depend on simulations from earlier iterations does not jeopardise the validity of the method. In addition, Douc et al. (2007) proved that K t must be modified at each iteration for the iterations to bring an asymptotic improvement on the Kullback-Leibler divergence between the proposal π t and the target: for instance, if the variance of the random walk does not change from one iteration to the next, the approximation of the target byπ t does not change either and it is then more efficient to run a single iteration with twice as many points. Sinceπ t is an approximation to the distribution of the sample simulated at iteration t, when marginalised against all previous samples, this version of the approximate Bayesian computation algorithm can be interpreted as an approximate version of the sequential Monte Carlo algorithm of Del Moral et al. (2006), when using the optimal backward kernel.
When considering component-wise independent random walk proposals,
k of the parameter vector θ (t) , the asymptotically optimal choice of the scale factor τ k is available. Indeed, when using a Kullback-Leibler measure of divergence between the target and the proposal,
where the expectation E is taken under the product distribution (θ (t) , θ
, the minimisation of the Kullback divergence leads to the component-wise maximisation of E[log τ
scale is then equal to E{(θ
, under the posterior distribution. The implementation of this updating scheme on the scale is straightforward.
The algorithmic rendering of the corresponding optimised population Monte Carlo scheme is thus as follows: Population Monte Carlo approximate Bayesian computation:
Given a decreasing sequence of tolerance thresholds 1 ≥ · · · ≥ T , 1. At iteration t = 1, 's with probabilities ω 244  245  246  247  248  249  250  251  252  253  254  255  256  257  258  259  260  261  262  263  264  265  266  267  268  269  270  271  272  273  274  275  276  277  278  279  280  281  282  283  284  285  286  287  288   6 BEAUMONT, CORNUET, MARIN, AND ROBERT
Take τ 2 t+1 as twice the weighted empirical variance of the θ
The expression of the importance weight ω (t)
i involves a sum of N terms and, therefore, the computational cost of this step of the population Monte Carlo approximate Bayesian computation algorithm is in O(T N 2 ). However, in realistic applications of approximate Bayesian computations, the main cost is associated with the previous step, namely the repeated simulations from the sampling density. For instance, in the population genetics example, the algorithm spends at least 95% of the computing time in the repeat loop and less than 5% of the time on the remaining computations. 3·2. A mixture illustration Example 1. For the mixure target, using the population Monte Carlo version leads to a recovery of the target, whether using a fixed standard deviation τ = 0 · 15 as shown on the second row of Figure 1 , or τ = 1/0 · 15, or a sequence of adaptive τ t 's as in the above algorithm. The graphical difference between these implementations is genuinely difficult to spot; the estimated variance stabilises very quickly in this toy example.
3·3. A population genetics example
This example considers a simple evolutionary scenario of two populations having diverged from a common ancestral population. Data consists of the genotypes at five microsatellite loci of 50 diploid individuals from each of the populations. Loci are assumed to evolve according to the strict stepwise mutation model: when a mutation occurs, the number of repeats of the mutated gene increases or decreases by one unit with equal probability. Once diverged, populations do not exchange gene and there is no migration. The natural parameters of this model are the three effective population sizes, N 1 , N 2 and N anc , the time of divergence (t div ) and the mutation rate (µ) assumed here to be common to all loci. While the analyses will be performed with these natural parameters, only identifiable combinations of those, such as the three parameters θ 1 = 4N 1 µ, θ 2 = 4N 2 µ and θ a = 4N anc µ, and the parameter τ div = t div µ, will be considered in the output.
In this experiment, several simulated datasets have been produced using the software developed by Cornuet et al. (2008) , with the following parameter values: N 1 = N anc = 10, 000, N 2 = 2, 000, t div = 1, 000 and µ = 0 · 0005, out of which one is presented in this paper, but identical conclusions were drawn from the other datasets.
The tolerance region { (x, y) < } used in the approximate Bayesian computation schemes is based on twelve summary statistics as in Cornuet et al. (2008) , namely mean number of alleles, mean genic diversity, mean size variance and mean Garza-Williamson M index for each population sample, F ST and (δµ)
2 distances between population samples, and mean probability of assignment of each sample to the other population. The distance (x, y) is then chosen as the Euclidean distance between the observed and the simulated summary statistics, normalised by their standard deviation under the predictive model. The derivation of the distance thus requires a preliminary evaluation of those standard deviations for each summary statistic by simulation.
Each dataset has been submitted to three parallel analyses: a standard approximate Bayesian computation analysis following Beaumont et al. (2002) , performed via Cornuet et al.'s (2008) software, a tempered Markov chain Monte Carlo analysis as described in Bortot et al. (2007) , and a population Monte Carlo analysis. In each case, the same prior distributions have been used, consisting in a U [10 2 , 10 5 ] prior on the three effective sizes, a U [10, 10 4 ] prior on the time of divergence, and a U [10 −4 , 10 −3 ] prior on the mutation rate. In addition, since Beaumont et al.'s (2002) algorithm includes a final local regression adjustment, this adjustment has been performed on the output of both alternative algorithms.
In order to operate a fair comparison between the three methods, the computing times are kept identical. Thus, reference posterior distributions have been constructed with Beaumont et al.'s (2002) approach, using N = 3 × 10 4 simulated datasets and choosing as the 0 · 01 quantile of the distances. For Bortot et   289  290  291  292  293  294  295  296  297  298  299  300  301  302  303  304  305  306  307  308  309  310  311  312  313  314  315  316  317  318  319  320  321  322  323  324  325  326  327  328  329  330  331  332  333  334  335 al.'s (2007) approach, the tuning parameter driving the acceptance threshold is drawn from an exponential prior with parameter equal to the mean distance of the ten closest datasets (among 5000 generated in a pilot simulation), followed by 23, 000 regular iterations with a thinning factor of 23. Each Markov move combined two simultaneous updates : an independent draw of from its exponential prior and a random walk based on a log-normal deviate with standard deviation equal to 0 · 3 of one of the other parameters chosen uniformly at random, the latter involving the computation of a Hastings term. Lastly, in the population Monte Carlo version, 1 is based on the preliminary simulation as the 0 · 1 quantile and four iterations are performed with 2 = 0 · 75 1 , 3 = 0 · 9 2 and 4 = 0 · 9 3 , and with truncated normals in the random walk. Each iteration is based on samples of size 10 3 . All three versions then require an average 4 · 5 minutes. Figure 2 summarises the output of the comparison between the three methods over five independent runs for the same simulated dataset and it shows that, at least in this example, the posterior evaluations based on population Monte Carlo are more stable than Bortot et al.'s (2007) algorithm, while comparable with Beaumont et al.'s (2002) . 339  340  341  342  343  344  345  346  347  348  349  350  351  352  353  354  355  356  357  358  359  360  361  362  363  364  365  366  367  368  369  370  371  372  373  374  375  376  377  378  379  380  381  382  383  384   8 BEAUMONT, CORNUET, MARIN, AND ROBERT 4. CONCLUSION While Sisson et al.'s (2007) algorithm induces biased weights, with a visible impact on the quality of the approximation, we have shown that the same Markov transition kernels and thus the same computing power can be used to produce an unbiased scheme.
The population Monte Carlo scheme is based on an importance argument that does not require a backward kernel as in (1). We have thus established that the adaptive scheme of Cappé et al. (2008) is also appropriate in this setting, towards a better fit of the proposal kernel K t to the target π{θ | (x, y) < }. From a practical point of view, the number of iterations T can be controlled via the modifications in the parameters of K t , a stopping rule being that the iterations should stop when those parameters have settled, while the more fundamental issue of selecting a sequence of t 's towards a proper approximation of the true posterior can rely on the stabilisation of the estimators of some quantities of interest associated with this posterior.
